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Abstract: After reviewing few known facts regarding KdV equation as an Euler equation in the coadjoint
orbit of the Virasoro–Bott group we are able to establish an interesting connection between the projective
vector field, a vector field leaving fixed a given projective connection, and the C. Neumann system using the
idea of Kno¨rrer and Moser. We show that certain quadratic function of a projective field satisfies C. Neumann
system.
Keywords: Diffeomorphism, coadjoint representation.
MS classification: 53A07, 53B50.
1. Introduction
The connection between the geodesics equation of the Virasoro–Bott group and the periodic
Korteweg–de Vries (KdV) equation follows from the work of Arnold [1], Kirillov [5,6,7], Segal
[13,14] and others [12,15]. But it is not known, at least in the standard literature, how periodic
C. Neumann system is connected to the coadjoint orbit of the Virasoro–Bott group. Recently
the geometry of this group has been extensively studied by Michor and Ratiu [10].
The Neumann system deals with the motion of a particle on a sphere under the influence
of a quadratic potential. This system is completely integrable and the solutions are given by
hyperelliptic theta function. In fact the geometrical realization of this system is very interesting.
Moser [11] observed that the integrals of the Hamiltonian system describing the motion of
Neumann system have a very close similarity with the integrals of the Hamiltonian system
describing the geodesics on a quadric. Later Kno¨rrer [8] showed that the Neumann problem
can be recasted through the Gauss map as the geodesic motion problem on a quadric. In fact
the relationship between the C. Neumann system and the Jacobi system is clarified by making
use of this Gauss map. The Jacobi system is another integrable system which describes the
geodesic flow on an ellipsoid.
In this paper we show how C. Neumann system is connected to the space of projective vector
fields, a vector field which leaves fixed a given projective connection on the circle [4]. This is
a linear second order differential operator known as the Hill operator.
∗On leave from S.N. Bose National Centre for Basic Sciences JD block, Sector-3, Salt Lake, Calcutta-700091,
INDIA.
0926-2245/00/$ – see frontmatter c©2000 Elsevier Science B.V. All rights reserved
PI I S0926-2245(99)00034-0
2 P. Guha
Let us state the main result of the paper:
Theorem 1.1. Let v = ξ(x) d/dx ∈ Vect(S1) = TeDiff+(S1) be a vector field and (q dx⊗2)
be the dual of it.
(a) A vector field is a projective vector field if it satisfies
ξ ′′′ + 4ξ ′q + 2ξq ′ = 0.
This exactly coincides with the stabilizer set of the coadjoint action of (ξ(x) d/dx, λ) on its
dual (q(x)⊗2, 1).
(b) If ξ = 〈χ, A−1χ〉, then χ satisfies
χ ′′ = −Aχ − qχ
where 〈χ, χ〉 = 1 and q = −〈χ, Aχ〉+〈χ ′, χ ′〉, which is the system of C. Neumann equations.
This paper is organized as follows: In Section 2 we present a brief description of a projective
connection on the circle, basically all the necessary definitions are given here. Section 3 is
dedicated to the old work of Arnold, Kirillov, Segal and others. In Section 4 we show how
C. Neumann system is connected to the stabilizer points of the coadjoint orbit of the Virasoro–
Bott group. Following Kirillov, in Section 5 we show how the projective vector field which in
turn related to the solution of C. Neumann system and its square root form a superalgebra [7].
Finally the author would like to say that the earlier version of this paper appeared in an
informal Twistor Newsletter [3].
2. Projective structures
Let Ä denote the cotangent bundle of the circle, this is a trivial real line bundle on S1. Let
Ä−1 andÄm be the tangent bundle and the m-fold tensor product ofÄ respectively. The section
of Äm is locally given by
s = g(x) dxm,
where g(x) = g(x + 2pi). Consider the natural action of Diff(S1) on the sections of Äm
Lus = ( f g′ + m f ′g) dxm, (1)
where Lu is the Lie derivative of the vector field u = f d/dx . Suppose v = g d/dx ∈ Ä−1,
then we get
Luv = [u, v] = (g f ′ − g′ f ) ddx . (2)
Let us denote Ä±1/2 be the square root of the tangent and cotangent bundle respectively.
Definition 2.1. A projective connection on the circle is a linear second order differential
operator
1 : 0(Ä−1/2) −→ 0(Ä3/2)
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such that
(1) the symbol of 1 is the identity and
(2)
∫
S1
(1s1)s2 =
∫
S1
s1(1s2)
for all si ∈ 0(Ä−1/2).
Since 1si ∈ 0(Ä3/2) and s j ∈ 0(Ä−1/2) so (1si )s j is a one-form on the circle.
Let us take s = ψ(x)dx−1/2 ∈ 0(Ä−1/2), then 1s ∈ 0(Ä3/2) is locally described by
1s = (aψ ′′ + bψ ′ + cψ) dx3/2.
As discussed in [2] any differential equation of the form
d2 y
dx2
= p3
(dy
dx
)3
+ p2
(dy
dx
)2
+ p1
(dy
dx
)
+ p0
defines a projective structure.
From the definition of the projective connection condition (1) implies a = 1 and condition (2)
implies b = 0, hence projective connection can be identified with the Hill operator
1 = d
2
dx2
+ q(x).
Definition 2.2. A vector field is called projective vector field which keeps fixed a given pro-
jective connection 1
Lv1s = 1(Lvs).
Using the equation (1) we obtain the following proposition
Proposition 2.3. A projective vector field v = ξ d/dx ∈ 0(Ä−1) satisfies
ξ ′′′ + 4ξ ′q + 2ξq ′ = 0. (3)
3. KdV equation as an Euler equation on the coadjoint orbit
Let G be a Lie group and G be its corresponding Lie algebra and its dual is denoted by G∗.
Let I be an inertia operator
I : G −→ G∗
and then f ∈ G∗ evolve by
d f
dt
= (I−1 f ) · α,
where right hand side denote the coadjoint action of G on G∗. This equation is called Euler
equation. Segal [13,14] showed that the KdV equation is the Euler equation for a central
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extension of the group Diff(S1), group of diffeomorphism of the circle parametrized by x : 0 6
x 6 2pi . For all practical purposes we restrict ourselves to the space of orientation preserving
C∞ diffeomorphisms of S1, denoted by Diff+(S1).
Theorem 3.1. There exists a group D̂iff+(S1) which is a central extension of Diff+(S1) given
by Bott’s cocycle
c : Diff+(S1)× Diff+(S1) −→ R
such that
c(σ1, σ2) =
∫
S1
log(σ1 ◦ σ2)′ d log σ ′1
for σi ∈ Diff+(S1). This cocycle satisfies c(σ1, σ−11 ) = 0.
It is natural to consider the Lie algebra Vect(S1) of vector fields on S1 as its algebra. The Lie
algebra of vector fields Vect(S1) is also called the Virasoro algebra. The dual of this algebra is
identified with the space of quadratic differential forms q(x)dx⊗2 by the following pairing,
〈q(x), ξ〉 =
∫ 2pi
0
q(x)ξ(x) dx
where
ξ = ξ(x) d
dx
∈ Vect(S1).
The Virasoro algebra ÄG has a unique non-trivial central extension by means of R
0 −→ R −→ Ä̂G −→ ÄG
described by the Gelfand–Fuks cocycle [7](
ξ
d
dx
, η
d
dx
)
7−→ 1
2
∫
S1
ξ ′η′′ dx .
The elements of Ä̂G can be identified with the pairs (2pi periodic function, real number).
The commutator in Ä̂G takes the form
[(β(x), a), (γ (x), b)] =
(
βγ ′ − γβ ′,
∫
S1
β ′γ ′′
)
.
The dual space Ä̂G∗ can be identified with the set
{(µ, q) | µ ∈ R and q is a quadratic differential}.
A pairing between a point (λ, ξ d/dx) ∈ Ä̂G and a point (µ, q dx⊗2) is given by
λµ+
∫
S1
ξq dx .
Next theorem follows from the work of Lazutkin and Pankratova [9]:
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Theorem 3.2. The space Ä̂G∗ can be identified with the Ä̂G-module of Hill’s operators
{µ∂2x + q}
acting on distributions of weight − 12 as D̂iff+(S1)- modules.
This is verifiable by the direct computaion of the action of Ä̂G∗ on its dual.
It is known from the work of Kirillov [5,7] that the dual Lie algebra ÄG∗ is a Diff+(S1)-
module.
Lemma 3.3.
Ad∗(λ, φ)(µ, q) = (µ,Ad∗(φ)q + λ3(φ))
where 3(φ) = S(φ) ◦ φ−1, S(φ) is called the Schwarzian derivative of an analytic function φ
and it is defined by
1
2
(φ′′′
φ′
− 3
2
(φ′′
φ′
)2)
Hence the infinitesimal action is given by:
Lemma 3.4.
ad∗(λ,ξ)(µ, q) =
(
µ, 12µξxxx + 2ξ ′q + 2ξq ′
) ≡ (µ, q˜). (4)
Proof. It follows from the definition
〈ad∗(λ,ξ)(µ, q), (ν, η)〉 = 〈(µ, q), ad(λ,ξ)(ν, η)〉
=
〈
(µ, q),
(1
2
∫
S1
ξ ′η′′ dx, [ξ, η]
)〉
= 12µ
∫
S1
ξ ′η′′ dx +
∫
S1
[ξ, µ]q dx . ¤
The coadjoint action leaves the parameter µ invariant, so we fix µ = 1 and by abusing the
notation we continue to denote it by Ä̂G∗.
On the coadjoint orbit in Ä̂G∗ we define the Lie–Poisson structure:
{ f, g}(q(x), 1) =
∫ [(δ f
δq
)( δg
δq
)′
−
( δg
δq
)(δ f
δq
)′
+
(δ f
δq
)′( δg
δq
)′′]
dx,
where δ f/δq(x) is called Frechet derivative and it is defined by:
d
d²
f (q + ²v, λ)|²=0 =
∫
δ f
δq
(x) dx .
Using the equation (4) we know
q˜ = 12ξ ′′′ + 2ξ ′q + ξq ′ =
( 1
2∂
3
x + 2q∂x + qx
)
ξ.
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The operator 12∂
3
x + 2q∂x + qx is called symplectic. The Euler equation is the Hamiltonian
flow on the coadjoint orbits in Ä̂G∗ generated by the Hamiltonian
H(q) = 12 〈(1, q(dx)⊗2), (1, q(dx)⊗2)〉.
Thus we can state:
Theorem 3.5. The Euler equation gives the KdV equation, it is a Hamiltonian flow on the
coadjoint orbits in Ä̂G∗ for the Hamiltonian function H(q) = 12q2.
4. Stabilizer orbit and Neumann equation
Let us confine our attention to a specific hyperplane µ = 1 in the coadjoint orbit. The action
in this hyperplane will be
q˜ = ξq ′ + 2ξ ′q + 12ξ ′′′.
Now we seek to characterize the pairs (q(x)(dx)2, 1). We want to find out the stabilizer of
the action of (ξ(x) d/dx, 1) on the dual (q(x) dx2, 1), it means (ξ, 1) ∈ Stab(q, 1) if and only
if
ξ ′′′ + 2q ′ξ + 4qξ ′ = 0. (5)
We wish to connect the projective vector field and the Neumann system. Let us define a
function ξ := 〈χ, A−1χ〉, where A is a constant diagonal matrix.
Proposition 4.1. If ξ = 〈χ, A−1χ〉 and satisfies
ξ ′′′ + 2ξq ′ + 4ξ ′q = 0
then χ satisfies
χ ′′ = −Aχ − qχ
where 〈χ, χ〉 = 1 and q = −〈χ, Aχ〉 + 〈χ ′, χ ′〉 which is the system of Neumann equations.
Proof. We know that ξ = 〈χ, A−1χ〉 hence ξ ′ = 2〈χ ′, A−1χ〉. Then after using the condition
of the Neumann equation, we obtain
ξ ′′ = −2− 2qξ + 2〈χ ′, A−1χ ′〉.
Taking one more derivative we get
ξ ′′′ + 4qξ ′ + 2q ′ξ = 0. ¤
Lemma 4.2. The equation ξ ′′′ + 2q ′ξ + 4qξ ′ = 0 traces out a three-dimensional space of
solutions.
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Proof. If φ1 and φ2 are the solutions of
1φ =
( d2
dx2
+ q
)
φ = 0, (6)
then it is easy to see that φiφ j ∈ 0(Ä−1) satisfies the above equation. Hence the solutions space
is spanned by φ21 , φ22 and φ1φ2. ¤
5. Superalgebras
Let us recall that the tangent bundle over S1 has two square roots, one is trivial and the other
is a Mo¨bius strip, which is denoted by Ä−1/2.
The sections of 0(Ä−1/2) which satisfy the equation (6) are not functions but the square
root of a projective vector field, since φ ∈ Ä−1/2, the space of scalar densities of weight−1/2,
square root of ξ ∈ Vect(S1).
Let us define
G = G0 ⊕ G1,
where we denote G0 ≡ Vect(S1) and G1 ≡ Ä−1/2(S1). Then G forms a super Lie algebra on S1,1
and G1 is the super-partner of G0. This is asserted since G1 is the G0 module and it is compatible
with the structure of G0-module and satisfies G1×G1 −→ G0. A typical element of G would be
ξ(x)
d
dx
+ φ(x)
( d
dx
)1/2
,
and the super Lie bracket is given by
[(ξ1, φ1), (ξ2, φ2)] = ([ξ1, ξ2]+ φ1φ2, {ξ1, φ2} + {φ1, ξ2}).
In this realization ξ(x) d/dx ⊕φ(x) (d/dx)1/2, i.e., (ξ, φ) forms a super Lie algebra. Equa-
tions (5) and (6) give the stabilizer of a point in the dual space to a super Lie algebra. (ξ, φ)
satisfies
ξ(x + 2pi) = ξ(x)
φ(x + 2pi) = ±φ(x)
When it is ‘+ ’, it is called the Ramond sector super Lie algebra and for ‘− ’, it is known as
Neveu–Schwarz sector.
6. Summary
In this article we try to bring two sets of ideas together: first, the ideas of Kirillov about the
stabilizer orbit of the action (coadjoint) of Diff+(S1) on its dual, the space of Hill operators
and second, the Kno¨rrer formulation of Neumann system. We have suceeded to show that apart
from the well known result that KdV equation is a geodesic flow on the Virasoro–Bott group
there is another dynamical system, C. Neumann system, connected to the coadjoint orbit of
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the Virasoro–Bott group. This has not been noticed earlier. All the standard literature in this
subject focused only on KdV equation.
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